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1 Double Integrals

When studying double integrals and beyond, it is important to think of them as some sort of Riemann Sum. Consider
some domain D

We would like to partition the domain into smaller shapes like as shown:

ya D

(TN
\ )
\ /
) N

We may choose to partition however we like as long as we are partitioning into areas. Eventually, the pieces will be
infinitely small. At this point, multiplying each piece (area) by its height f(z,y) (length), will give us a volume. We
write

—

/ flz,y) dA

D
for this volume. The differential dA is our little area pieces. More formally,

Definition 1.1.

J[ s aa= 1 1im S s vig)AA.

i=1 j=1

1.1 Differentials

Before we can calculate double integrals effectively, we must first understand the differential in depth. Without a
proper understanding of the differential element, we are at a massive disadvantage. Consider the equation

/ab f(z) da.

This calculates an area. We are given an infinitesimal dz which represents a length unit. f(z) is also a length.




In 3D, our differentials are areas.

dy dA

dzx

This shows that dA = dxdy. Hence,

[ s an= [[ w) dsty= [[ sa.0) .

This is not the only way to recover dA, however. In fact, any set of differentials that forms a differential area works.

1.2 Simple Integration

Example. If D is the rectangle with vertices (1,0), (1, 3), (2,0), (2, 3), evaluate

// %y dA.
D

Solution. The first thing you should always do is sketch a diagram of the region domain.

3+ Q=0
2.5 4
2 1
1.5 | D
1 1
0.5
05115225335

Now, let us consider a thought experiment. Suppose we have a magic function g(z) that tells us the area from y =0
to y = 3 for a fixed value of xz. What would the answer to our question be? Indeed, it would simply be

/12 g(x) dx.

Can we find such a function? Of course we can, it is

3
/ 2y dy.
0

Here, we treat z as some sort of fixed constant value, no different than 5. Thus, the answer to our problem is

evaluating
2 3
/ ( / 2y dy) dzx.
1 0

Notice that we have gotten the [[ f(z,y) dydx form, verifying that our computation will be mathematically sound.
From here, we can simply evaluate the inner and outer integral.

2 3 2 2, 2

/(/ nydy> dx:/ (xy)
1 0 1 2
2942

—/17‘“

y=3
dx
y=0

(33?3) =2
a 2 r=1
3
=12-%
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Going back to a previous point about evaluating dxdy vs. dydx, we can find an important result.

Theorem 1.2 (Fubini's Theorem). Let f be integrable over a rectangular region D = {(z,y) : € [a,b];y € [c,d]}.



Then,
e //Df(x,y) dA:/ab/cdf(m,y) dydxz/cd/abf(x,y) dzdy.

This theorem can be generalized quite a bit, but for the purposes of this lecture the only thing you need to know is
that you shouldn’t be afraid to switch the integrals as long as you can do it properly. To illustrate, we will solve the
above example again the other way around.

Solution.

1.3 Symmetry

We will illustrate with an example from AP Calculus.

1
/ z d.
-1

Solution. We could expand it out and do a bunch of integration nonsense, but we have a much nicer solution. Let
us sketch the graph.

Example. Evaluate

1*

0.8+

0.6 +

04

02 04 06 08 1

Notice that the pink and blue areas are the same, except for the fact that the pink area is negative. Since the integral
is signed area, we know the two simply cancel out. Therefore, the answer is @ O

/N This does not work on every function! It mostly applies to odd functions when the integral bounds are —a to a.
ALWAYS sketch a diagram to make sure stuff cancels!

For even functions, the area would double. So f_l Ja?de =2 fol 2% dz. Now, let us approach a 3D function.

Example. Consider the region D bounded by y = v/4 — 22 and the z-axis. Find

// 23y + xy? +y dA.
D

| Solution. As always, sketch the region.



Notice the points A and B exhibit symmetry. That is, for odd functions in x, —f(A) = f(B). So integrating would

cancel them out. Therefore,
0 0
/ / P+ o +y dA.
D

Notice that the y does not cancel out since there is no y-symmetry. We will now consider the integral

2 Va—z2 2 Va—z2
/ (/ ydy) dx:/ d:c/ dy (v).
) 0 —2 0

Notice that we have a function of x in one of the integral bounds. This is perfectly fine, we still treat x as a constant.
The only important thing to note is that if we decide to swap the integrals, we will have to change things up since
our inner integral would depend on y instead. More specifically, we would write

Azdy/gdy (y)-

You can look at the region to verify that these are equal. We will evaluate the first integral because it is easier.

2 Va—z2 2 yQ y=+/4—22
/ dx/ dy (y) :/ dz (—)
-2 0 —2 2

2 2
4 —
:/ v dz
o 2
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= O
3

y=0

Sometimes, swapping makes things much easier, especially when one way doesn’t have an elementary antiderivative.

2 Average Values

| Example. Find the average value of [1,2, 3,4, 5].

: ; 142434445 _
I Solution. We can think of the answer as THIii: = 3. O

adding nums

adding 15 This can be generalized.

This way of thinking sees its advantages later. Specifically, the form

Lemma 2.1. The average value of an integrable function f(x) over the interval [a, b] is

f:f(x) dz
fab 1de

You may remember from AP Calculus that the average value is ;- f: f(x) dz, which is true. f: 1dr =b—a. But
the idea is that we can take this intuition into 3D functions:



Lemma 2.2. The average value of an integrable function f(x,y) over the domain D is
JJp f(=,y) dA
[[p1dA -

This is known as an "area-weighted average", which is what we mean by default. If A(D) is the area of the domain,
then this average equates to
AA; ;

.7

| Example. Find the average value of 2%y on the region bounded by y = 22 and y = 2 — 22.

Solution. Consider the domain region D.

2.2

14-12 -1 —08-06-04-02 02 04 06 08 1 12 1.4
~0.2

—-0.4

The curves intersect at & = £1. There is also symmetry in z. While nothing cancels, an even function like z2y or 1
would double. Now,
_ Ip 22y dA

- [fp1dA
We will compute the two integrals separately.

//DldA:/_:lldx/;_z?dy (1)

(z%y)

And the second integral,




1
We can then conclude the answer is . O

2.1 Centroid and Center of Mass

Definition 2.3. The centroid, or geometric center, of a region is the area-weighted average of a region of position in

the region.
_ L AA;;
=) Fag 1 <,
,J
Equivalently,

x dA y dA
(z) = %D Taa W = ﬁD 1dA

D D

When approaching these problems, you should calculate the three integrals separately and combine for your answer.
Additionally, you should verify that your centroid makes sense by seeing if it roughly falls in the middle of your region.

Exercise. Find the coordinates of the centroid of the region bounded by y = 22 and > = z.

12
Solution. Left as an exercise. §, — O
725

2.2 Density

We will now consider the effects of introducing a density factor. Once again, consider the humble average value
example. Let’s say we want to find the average between 1 and 2, but we give 1 a weighting of 100 and 2 a weighting
of just 1. This is like having 100 different 1 elements to average. The average is exactly 11004+2:1 Qo if o tells us the

100+1
weighting, we would apply ¢ to every element on the top and bottom. That is,

() = ffDdeA'< - J[pyo dA

e dd Y T Y g dA

3 Polar Differentials

Sometimes, it is way too hard to use the cartesian dA = dady, especially when we deal with circles. Circles can be
divided nicely with circular arcs, not rectangles. So we might want to use r and 6 instead.

Lemma 3.1. dA = r drdé.

Proof. Consider the following diagram:

dr

When dr and df are infinitesimally small, the region dA is approximately rectangular, so the area dA = L dr. Now,
we know the circumference of the circle is 27rr. The length of this specific arc is L :%7";70{. The "r" in question here
is just the regular r since the differential dr is infinitely small. Therefore, dA = r drd#. O




Remark. This makes a lot of sense when you think about it. Both 7 and dr are length units, while df is not. Therefore,
to form an area unit, we need both r and dr. Just using drdf doesn’t make any sense.

Let us do an example to cover all the knowledge we have gathered thus far.

| Example. Find the center of mass of the region bounded by y = 0 and y = v/4 — 22 given the density is o = 2 — .

Solution. The diagram is just the same semicircle from an example above. Draw it out yourself if you need it. Realize
that there is symmetry in z. Our first integral will be associated with the z-numerator. This is

[[zoas- ] ) [[#aa

Let us first try to naively use Cartesian coordinates. We will eventually receive — f_22 do (22V4 — x2) which is ugly.
Let us instead approach this from the polar perspective:

2 T
—// 2 = —/ rdr/ dé (r*cos?0).
D 0 0

Notice that in the inner integral, 2 is constant so we can factor it out. We will be left with

- /02 rdr (r?) /OW df (cos?9),

at which point we can realize that fow df (cos?f) term is constant in the outer integral, so we can factor it out. This

leaves us with )
— (/ r3 dr) (/ cos? 0 d9>.
0 0

Upon evaluating each integral separately, we get —27. The remaining two integrals are left as an exercise. The answer

to this problem is < L 8 > . O

T35

3.1 Trig Integrals

Example. Evaluate the integral

27
/ cos? x dz.
0

Solution. Let us look at the graphs of both sin? z and cos? .
Y cos? x

sin?

T

sin® z4cos’x __ 2

The average of sin®z and cos?x is Notice that on whole quarter intervals, the functions sin®x
1

and cos? « behave like their averages. Thus, the answer is the length of the interval multiplied by 5. The answer is

therefore [7]. O

N|—

Theorem 3.2. More generally, we can say that if 7" represents a whole number of quarter periods of sin(cx) for
constant ¢, then

T T 1
/ sin?(cx) dz = / cos®(cx) do = =T.
0 0 2

The proof follows a similar idea to the above example. We can use this result to derive two more integrals that can
be used to do problems.



Lemma 3.3. -
/ sin?(z) cos?(z) do = T
0 8

Proof. Recall that sin 2z = 2sinz cos z and thus sin? 2z = 4sin? 2 cos? . Now, behold! Simple algebraic manipula-
tion.

/07r sin2(g;) Cogz(x) de = /OTr Sinz(x) COSz(x) d
/07T sin?(2x) dx

O

¥ ol =l

The other integral, fow cos* z dz, equals fo7T cos? 2(1—sin? z) do which can be split and solved using the above identities.

4 Triple Integrals

Triple integrals are hard to visualize as we are mortal beings. You may receive graphs on assessments, or you may

not. It is important to draw diagrams and to consider 2D cases. Evaluating triple integrals is usually no different than

double integrals, just with extra steps. However, setting them up can be challenging.

Example. Clarify an iterated integral covering volume V bounded by x =0, 2 =0,z +2 =1, and z = 1 — 32

I

Solution. Let us consider the entire region first.

A

We specifically care about the region under the green and red surfaces in the first octant. Our approach to solving
these problems involves first selecting a “base". This is a 2D slice of the region that is hopefully nice to work with.

Once we figure out the 2D slice, we can extend it to the 3D. In our case, let us consider the zz-plane.
z

r+z=1




We can now see that

1 1—z Vi—z
// dV:/ dm/ dz/ dy
14 0 0 —V1—z
1 1—2z Vi—=z
/ dz/ dx/ dy.
0 0 —1—2z

As you can see, switching the outer two integrals is no big deal since we are informed by our base. But, let us consider
a different base.

which trivially equals

z=1—19y

Y

We can now see that if we we send y out first from —1 — 1, z with go from 0 — 1 — y2. Then use the final equation

to relate x and z to receive
1 1—y? 1—2z 1 Vi=z 1—z
/ dy/ dz/ d:c:/ dz/ dy/ dz.
-1 0 0 0 iz 0

Again, swapping the two outer integrals is easy. There are only two integrals left, both of which do not have a clear
base (it is as if we try to take zy plane as the base). We will do an inner swap to try to achieve this. Note that we
cannot write a single integral for these two. Recall the yz graph. Our newest integral order would be zyz. So x is
held constant. Given z = 1 — z, where is this graphed? Well, since 0 < x < 1,0 < 1 —x < 1. Therefore, z=1—z is
some line between 0 and 1.

z Z:]_in
z=1—=x
Yy

Now, we said we would send out y next, which goes 0 — 1. Where does z go? It sometimes goes to z = 1 — y2. But
sometimes, it goes to the line z = 1 — x. It simply depends where it is. The intersection pointis 1 — 3> =1 -2z =
y = dx. Therefore, if y < —/z, then z goes to 1 —y? (green arrows). If —/z < y < \/z, then z goes to 1 —z (orange
arrows). Otherwise, 1 — y? (yellow arrows).

10



Y

-1 —\/T 1—y? -1 T 1—x
/ d;l'/ dy/ d;/—f—/ d;z‘/ dy/ dz +
Jo J-1 Jo Jo J—vz Jo

Without coloring that is

1 -z 1—y? 1 Nz 1—xz 1 1 1—y?
/ dx/ dy/ dz+/ dx/ dy/ dz+/ dm/ dy/ dz.
0 -1 0 0 -z 0 0 T 0

Vs
Performing an outerswap gives the last integral.

4.1 Tetrahedrons

The integral is

Example. Given V is the region in the first octant bounded by 3z + 4y + 5z = 60, determine the value of

J[[ = av.

Solution. There are two ways to do this. But first, let us sketch the region.
z

3z + 4y + 5z = 60

x

Let us send x out first. We receive

60—3az 60—3z—4y

20 - z
/ da:/ dy/ dz - (xzyz)
0 0 0

Solving this integral as is would give you and your professor a nightmare. Let us do some u-substitutions instead! As
previously mentioned, there are two ways to do this. Let us examine the first substitution.

u:£—>x:20u

20
Y
v 15 Y 5V
w:i—>z:12w
12

11



Into the integral it goes!
1 1—u 1—u—v
20du 15dv / 12dw - (20%u*15v12w).
0

0 0
Not bad, but solving this integral will still give you a minor headache. We can come up with a better substitution!

U £—>x:20u

20
v = 7602{% =y = 60;33% = 60 _460uv =15(1 —u)v
60 — 60u — 60(1 —
w:ﬁ—mzz “ E ( u)vw:12(1—u—(1—u)v)w:12(1—u)(1—v)w.

5

Then, integrate.

/X/x%ﬂdV:i/IZMu/d1&1—uﬁﬂ/dlﬂl—uﬂl—va-@Wu?lﬂl—uﬁwlﬂl—uﬂl—vMﬁ
\%4 0 0 . 0 ) )
:203152122/ (lfu)4u2du/0 v(lfv)2dv/0 wdw

0
A nice factored integral, isn’t it? From here, we will quickly do another few substitutions. Consider s = 1 —wu. Then
ds = —du. This means the bounds on integration will switch. But, the new bounds via plugging into s are also

switched. So it switches twice, which is the same as not switching at all. Think of it this way:

1 1-1 1-0 1
/(1—u)du:/ 5-—ds:/ sds=/sds.
0 1-0 -1 0

273254
7

So completing the above integrals are trivial and left as an exercise.

4.2 Cylindrical and Spherical

The cylindrical substitution is the exact same as polar. The z integral is left untouched and zy switches to polar.
Spherical is somewhat different. Let us do some more differential analysis.

Theorem 4.1. dV = p%dpsin ¢ dedé.

Proof. Recall that » = psin ¢. Observe:

4

12



Now, let us vary each thing a little bit. First, we vary p. Then, ¢. Then, 6.

Zz
The side lengths of the spherical rectangular prism are: dp, pd¢ (by arclength), and rdf = psin ¢df (by arclength). O
| Example. Find the average value of 223y + 322 + 8zy*22 + 22292 on the ball 22 + 3% 4 22 < 8.

Solution. Realize that we have symmetry in z, y, and z. Now, let us calculate the numerator integral.

0 0
/// (2239 + 322 + 8wy 2? 4 222y?)dV = /// (MJr 32?4 Syt 2?7 22%9%)dV.
Vv 14

Now, consider this. There is symmetry in all the directions. Therefore, [[f;, z2dV = [[[, 22dV. That is how spheres
work. You can’t functionally distinguish between x and z in a sphere. Or y and z. So you can even transform z2y? to

222, You CANNOT transform z* to something like 2%2?. Remember, [>° =>" [ but [[] # [] [ in general. Use
this to decide if your switching is well motivated. We want to change to z since it is easier in spherical coordinates.
After all, y = psin ¢ sin § while z just equals p cos ¢.

///‘/(31‘2 + 222y?)dV = ///‘/(3z2 + 22%%)dV.

At this point, we switch to spherical.

/// 3p cos (/>+2p cos2 ¢p sin q’)sm 6)dv
:/0 p dp/ sin¢ d¢ /27r - (integrand)

2v2
= / 0> dp/ sin¢ d¢ - (67rp2 cos? ¢ + 2mp* cos? ¢ sin? ¢)
0 0
2\/5 m
= 277/ ot dp/ sin¢ d¢ - (3 cos? ¢ 4 p? cos® ¢ sin® (b)
0 0

We will make a very common substitution which is u = cos¢. This substitution will come up a lot during these
integrals and some professionals consider it standard. Note that du = —sin ¢ d¢ which means we have to switch

13



bounds.

27r/02\/§p4 dp/_l1 du- (3u® + p*u?(1 — u?))

= 4r /02\/5;)4 dp/1 du- (3u® + p*u?(1 — u?))
:477/0pr (1—i—p3 p;)dp

:477/0 gf < 23*?) (2v2) dv
(2\/5) in (5 T3 .254~ 7)

- 293727
3-5-7°
The denominator is the volume of the ball, which can either be computed via an integral or simply realized to be
2337
26‘[” The average value is | O

5 The Jacobian

We would like to generalize the notion of u-substitution into higher dimensions. We have already been doing this by
applying polar coordinates. However, what if we would like to make different substitutions?

| Example. Find the average value ofz?y on the region bounded by xy? = 1, zy? = 8, 2%y = 1, 2%y = 27.

Solution. Let us sketch a graph.
Y

Xz
As seen, this will be extremely ugly. Let u = 2y? and v = 2?y. What if we lived in a world where we did u against

v? We would just have a regular rectangle, triviall
U . .

14



So we will seek to convert it to that. There are three things to change about our integral. First, the limits of
integration. This is trivial as we are now integrating over a rectangle. The integrand itself is also easy to change, we
have the information we need. The differential is interesting.

Y

x
dr, means change in u along constant v. In the graph, we are finding change in u for v = 1. d7, is the other way.
Another way to think about this is dr, = (%, %Mu. Notably, these form a parallelogram, NOT a rectangle. We

know the area of a parallelogram is dA = |d7, x d7,|. Let us compute:

A ~ ~

i 7k
|d7, x A7 = {22 9% o|du d
Ty Ty o " u dv
oz % 0
ov ov
oz Oy
:‘gg %’dudv
ov v

1

Oz, y) ’ Now, after solving for x and y in our original equations, we get © = u™3 303 and y= uivT3.

This is written as ‘
We could calculate the partial derivatives this way, which would just be a lot of work. I will offer an alternative

approach. Suppose we convert dxdy to }8(”’ ’ dudv. Now, what if we convert dudv back using the same idea? That
results in dudv = ’B(u )| dzdy. Combining, ng,yg ‘ggz Z; dzdy. Thus,

oz ov |t

i |-|E &

v v
Calculatlng is much easier. In our case, after calculating the determinant, we get | —3x%y?| 7! = = %u_%v_%.

Our integral setup is as so:

w\w

27 )
/ du / dv( BEXTEE KN

This is a trivial integral that does not involve anything special, so it is left as an exercise. The denominator is also
left as an exercise. The answer is . O

You can also make further substitutions (i.e., Jacobian then into polar) which is perfectly fine.

A\ In general, the transformed Jacobian version does not play nicely with the old coordinate system. For example, you
CANNOT find the centroid in (u,v) and then convert back to (z,y). You have to be considering (z,y) from the start.

Exercise. Use the Jacobian to show that the Polar differential is rdrdd.

15
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